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Abstract 

We study the effect of Scherk-Schwarz deformations on intersecting branes. Non-chiral 
fermions in any representation of the Chan-Paton gauge group generically acquire a tree- 
level mass dependent on the compactification radius and the brane wrapping numbers. 
This offers an elegant solution to one of the long-standing problems in intersecting-brane- 
world models where the ubiquitous presence of massless non-chiral fermions is a clear 
embarrassment for any attempt to describe the Standard Model of Particle Physics. 
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1. Introduction and conclusions 


One of the most challenging goals of String Theory is the search for fonr-dimensional 
vacna close to the observed world of Particle Physics and Einstein gravity. To this end 
we have witnessed in recent years enormons efforts to investigate varions approaches that 
might lead to fonr-dimensional chiral spectra and eventnally diverse mechanisms for break¬ 
ing snpersymmetry. One of the most snccessful scenarios so far explored is that of inter¬ 
secting brane worlds [Q in orientifold constrnctions |P-|^ , or its T-dnal description in terms 
of magnetised backgronnds 0,||,P]. It can be considered as a string extension of the Lan- 
dan problem of qnantnm particle dynamics in the presence of constant magnetic helds. 
The Panli couplings between the Maxwell held and charged particles of different helicities, 
together with the tower of Landau excitations offers a natural way to get chiral fermions in 
lower dimensions in a relatively simple setting [T^] . One of the amazing properties of this 
kind of compactihcations when extended to string theory is that Abelian magnetic back¬ 
grounds only affect the boundary conditions for open-strings and yield a notable class of 
exactly solvable conformal held theories. In turn, this allows a consistent full-hedged per¬ 


turbative string theory analysis as hrst shown in |^,|^ . Aside from representing a natural 
setting for obtaining chiral spectra more or less close to that of the Standard Model of Par¬ 
ticle Physics [|TB|-|5D| (for reviews, see [PT|-PB|) , magnetic helds and/or intersecting branes 
typically oher a valuable mechanism for breaking supersymmetry in the matter sector, a 
second important requirement for any string compactihcation to be phenomenologically 
appealing. Despite these many successes, magnetic huxes alone are not however sufficient 
to provide a faithful string description of the Standard Model. In fact, tachyonic helds are 
generically present in the spectrum of light excitations, aside perhaps from some limited 
regions of moduli space |^], rehecting the well-known Nielsen-Olesen instability [p8| , |39|, ^ 


and their condensation might trigger unwanted gauge-symmetry breaking. Moreover, these 
non-supersymmetric vacua typically generate a sizeable vacuum energy density already at 
the tree level as a result of un-cancelled NS-NS tadpoles. This is a very important problem 
in String and Field Theory for its undesirable consequence of vacuum destabilisation, but 
to date no dehnite and successful solution has been proposed, aside from few encouraging 
results of old and recent investigations. Last but not the least, in intersecting 
brane models the spectrum of (classically) massless states always comprises some non- 
chiral matter, in addition to the interesting chiral excitations previously discussed. In 
fact, aside from non-chiral model-dependent sectors arising whenever pairs of branes are 
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parallel in some compact dimension, the gange vectors are always accompanied by mass¬ 
less fermions in the adjoint representation as well as by a number of scalars, so that some 
supersymmetry is locally preserved. The emergence of these additional states is quite easy 
to understand since they all correspond to open-strings whose ends are both attached on 
the same stack of (by dehnition parallel) branes. This is clearly an embarrassing feature 
of magnetic-flux compact ideations since the Standard Model spectrum does not comprises 
such massless non-chiral fermions! 

Other tools for breaking supersymmetry have however been devised both in Field The¬ 
ory and in String Theory. Among these, the Scherk-Schwarz idea to relate supersymmetry 
breaking to compactiheation is very elegant and interesting [^. In the simplest case of 
circle compactiheation, it amounts to allowing the higher-dimensional helds to be periodic 
around the circle up to an R-symmetry transformation. The Kaluza-Klein momenta of the 
various helds are correspondingly shifted proportionally to their R charges, and modular 
invariance dictates the extension of this mechanism to the full perturbative spectrum in 
models of oriented closed strings [p4| ,^j4^ . When open strings are present (in a back¬ 
ground without huxes), one has to distinguish between the two cases of Scherk-Schwarz 


deformations transverse or longitudinal to the world-volume of the branes ||47H5^. In fact, 
in the former case the open-string helds do not depend on the coordinates of the extra 
dimension, and therefore are not ahected by the deformation. In this scenario, termed “M- 
theory breaking”, the D-brane excitations stay supersymmetric (at least to lowest order) 
and the fermion masses are identically vanishing, mi /2 = 0. In the latter case, instead, 
the R charges determine the masses of the helds and mi /2 ~ R~^. It is then clear that 
the Scherk-Schwarz deformation can help to generate masses only in those sectors where 
zero-modes are present. For instance, in orbifold compactiheations twisted helds living at 
the hxed points of the orbifold do not depend on the compact coordinates and thus stay 
classically supersymmetric. It is then clear that this is precisely the kind of deformation 
needed to lift the massless non-chiral fermions while preserving intact the chiral spectrum 
at the brane intersections. 

However, when Scherk-Schwarz deformations are introduced in models with branes at 
angle one is typically facing a new situation where the boundary conditions are altered 
along coordinates that are neither longitudinal to the branes nor transverse to them. Let 
us consider, for example, the simple situation of a brane wrapping q and k times the 
horizontal and vertical sides of a T^. Fields living on such rotated brane depend by 
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construction on the combination y = a/ {qyiY + (% 2 )^, where yi and y 2 label the two 
Cartesian coordinates of the torus of length Ri and i? 2 , and their wave-function is now 


Xy) 




where Ly = ■>/(q-Ri)^ + {kR2Y is the effective length of the brane which extends along 
the diagonal of the multi-covering torus with sides qRi and /ci? 2 - Then, a Scherk-Schwarz 
deformation a acting, say, along the horizontal axis of the torus is order-two in the closed- 
string sector but it can be trivial in the open-string sector. In fact, enforcing Scherk- 
Schwarz periodicity conditions on helds on the branes implies that the Scherk-Schwarz 
deformation be extended to the covering space. As a result, one has to consider the 
action of a'^, whose effect clearly depends on the horizontal wrapping number: fields living 
on parallel branes with odd (even) horizontal wrapping number are (not) affected by the 
Scherk-Schwarz deformation, and thus the non-chiral fermions can (not) be lifted in mass. 
Moreover, excitations living at brane intersections, that as such do not have zero modes, 
are not altered by the deformation and the chiral charged fermions stay massless. Clearly, 
these results can be suitably extended to the case of deformations acting along the vertical 
side of the torus or along any other direction. 

The paper is organised as follows. In Section two we review the description of Scherk- 


Schwarz deformations in nine-dimensional open-string models as hrst discussed in . In 
Section three we turn to the general topic of intersecting branes. After we explain our 
notation and conventions we introduce in this context some simple deformations of the 
open-string sector that play an important role in the description of the Scherk-Schwarz 
deformations in terms of freely acting orbifolds. Section four represents the main part of 
this paper and describes intersecting brane models with modihed boundary conditions d la 
Scherk-Schwarz. Here we follow different paths to justify our results and present toroidal 
examples of Standard-Model-like spectra without massless non-chiral fermions. Finally, in 
Section hve we extend our results to the case of orbifold compactihcations. 


2. Glimpses of Scherk-Schwarz and M-theory breaking 

In this Section we quickly review the stringy realisation of Scherk-Schwarz super- 
symmetry breaking. At times, it can be conveniently described in terms of freely acting 
orbifolds where the space-time fermionic index (—1)^ is combined with shifts along the 


compact directions [44,45,46]. In held theory, where only Kaluza-Klein excitations are 
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present, the Scherk-Schwarz mechanism can only result from shifts of internal KK mo¬ 
menta. On the other hand, String Theory presents more possibilities, since one has the 
option of affecting either momenta or windings. For oriented closed superstrings these 
two deformations, related by T-duality, describe essentially the same physics. However, 
in orientifold models |]53|-[5^ (see 00 for reviews on orientifold constructions) different 
results are expected [|^. In the following we shall review the main features of type IIB 
orientifolds with supersymmetry broken via moment um or winding deformations. Actu¬ 
ally, to emphasise the geometry of these orientifolds, we focus on the more conventional 
moment um -deformed closed-string spectrum and study the f2 and orientifolds, where 
i? is the world-sheet parity and is an inversion of the compact coordinate. The latter 
orientifold better described within type IIA is the T-dual description of type IIB with 
winding shifts. 

The deformed nine-dimensional spectrum of the closed IIA and IIB oriented strings 
is encoded in the one-loop partition function 


^ 2 


1^8 — -Fsp + 1^8 + 'S'sp ( — 1)™' Am,n 

+ lOs — + 1*^8 + (“1)”* 


( 2 . 1 ) 


where is a (1, l)-dimensional Narain lattice. Indeed, all the fermions have acquired 

a mass proportional to the inverse radius, and a twisted tachyon is present if i? < 2\/W. 

The Klein bottle amplitudes associated to the two orientifolds Q and Q' = can 
be straightforwardly determined from (|2.1|) and read^ 


jr= i (K8 - ^S) P2m , 


and 

JT' = \{Vs- Ss) + i (08 - 08) . 


The former amplitude clearly spells out the presence of 09 planes while the latter involves 
conjugate pairs of 08 and 08 planes sitting at the two edges of the segment j J'. 

More interesting is the open-string spectrum associated to these orientifolds. In the 
hrst case, it consists of open string stretched between D9 branes. In particular, these branes 


^ As recently shown in [ ^ | one has the additional option of symmetrising the R-R sector while 
acting simultaneously on the tower of Kaluza-Klein states with order-two shifts. 
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wrap the compact direction and thus their excitations are affected by the Scherk-Schwarz 
deformation. Indeed, the corresponding annulus and Mobius-strip amplitudes 


^/=iiV2 iVsP2m-SsP2m+l) , 


and 

^=-lN (V8P2m-S8P2m+l) , 

clearly reveal that the fermions are now massive and supersymmetry is spontaneously 
broken. In the second case, the D8 branes are transverse to the compact direction along 
which the Scherk-Schwarz deformation takes place, and thus the open-string spectrum is 
unaffected. However, the brane configuration has to respect the symmetries we are gauging, 
and therefore the pairs of image (anti-)branes have to be displaced at points diametrically 
opposite. In equations 


= [1 (iV2 + m 2) (ffg - S8) + MN{08- Cs)] {Wn + W^+1 


and 


^' = -I(N + M)V8 (lff^ + Iff,+ i) ( 




As expected the fermions are still massless (at tree level), while supersymmetry is broken 
only by the simultaneous presence of branes and anti-branes. 

In conclusion, we can summarise our results as follows m-- if the Scherk-Schwarz 
deformation connects points on the brane then supersymmetry is broken in the open¬ 
string sector, otherwise image branes have to be properly added in order to respect the 
gauged symmetry and the fermions stay massless. 


3. Wilson lines on magnetised branes 


In this section we review some known facts about magnetised (or intersecting) branes 
|]^-|^ and comment on the role of Wilson lines and/or brane displacements A This will give 
us the opportunity to present our notation and introduce some simple deformations that 
however will play an important role in the forthcoming sections. 


^ See 1^] for a detailed analysis of Higgsing in intersecting brane vacna, and @] for related 


issues. 
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3.1. Preliminaries on intersecting branes: notation and conventions 

Let us focus our attention on the simple case of eight-dimensional reductions with D 8 
branes extending along one generic direction of the T^. Lower-dimensional reductions are 
quite simple to study, and will be discussed in the following sections. For simplicity, we 
take the torus to be rectangular with horizontal and vertical sides of length Ri and i? 2 , 
respectively. Each set of parallel branes is then identihed by the pair of integers (g, k) that 
correspond to the number of times the branes wrap the horizontal and vertical sides of the 
T^, the two canonical one-cycles. In turn, these numbers determine the oriented angle (f) 
between the horizontal axis of the torus and the brane itself via the relation 

tan(/)=^^, (3.1) 

qRi 

and it is positive (negative) if starting from the horizontal axis we move counter-clock-wise 
(clock-wise) towards the brane. By simple trigonometry arguments, we can then determine 
the effective length of the brane 


L|| = ^{qR^f + {kR2)\ 


and the distance between consecutive wrappings on the 

R1R2 



Using the quantisation condition (|3.1|) , L|| and L± can be conveniently written as 


Ln = 


qRi /ci ?2 


R 


Ri . 


cos I 


sm( 


L± = — cos (/) = ^ sin 


k 


Given these two quantities it is then easy to determine the zero-mode spectrum of 
open strings stretched on this rotated brane [ 0 , 0-0 


m 


^z.m. — ( ~ ) + 77 ^ inL±) 


a 


It simply consists of Kaluza-Klein states along the compact direction of the brane and 
of winding states between two portions of the brane in the elementary cell of the T^, as 
indicated in hgure 1 . 
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Figure 1. Zero-mode spectrum on a rotated brane with wrapping numbers (2,3). 

If orientifold planes and/or other branes are present, one has to consider new sectors 
corresponding to open-strings stretched between two different branes. These new sectors 
are particnlarly appealing since they typically snpport chiral matter at the intersection 
loci, while the masses of the string excitations now depend on the relative angle (pa — 4>I3^ 
and the precise dependence changes in the NS and R sectors. 

As nsnal, it is convenient to snmmarise the complete spectrnm of string excitations in 
the annnlns, and eventnally Mobins-strip, partition fnnction. To this end let ns consider the 
simple case of an QM orientifold, with f2 the standard world-sheet parity and ^ : z ^ z an 
anti-conformal involntion acting on the complex coordinate z = yi -\- iy 2 of the T^. This 
operation, a symmetry of the IIA string, introdnces two pairs of horizontal 08 planes, 
passing throngh the points j /2 = 0 and j /2 = \R 2 - Introdncing a stuck of coincident D8 
branes with wrapping numbers (qq, ka) breaks in general the orientifold symmetry, unless 
a suitable stack of Na image branes with wrapping numbers (qq,, —ka) is also added [|]-§1. 
The annulus amplitude then consists of different sectors corresponding to strings stretched 
between a pair of (image-)branes and to strings stretched between a brane and its image: 

{Vs - ^8)[S] i"rn(R||a)lffn(R±a) 

+ i (Ni (U - Ssjlf] + Ni (U - Ss)l““l) . 
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Figure 2. Two branes with wrapping numbers (2,1) and (3,2) intersecting four times on a 
Here 


Pni{L\\a)=r] ^ and H4(i^±a) = ?? ^ ^ 

m n 

denote the momentum and winding lattice sums, while we have endowed the SO(8) char¬ 
acters with additional labels, reflecting the mass-shift of the string oscillators induced by 
the non-trivial intersection angle. In particular, for this reduction 


(Vs - S8)l“?l = Ve 02(0 + Os 1^2(0 - Ss S2(0 - C'e 02(0 , 


with 


c = - 

TT 


tT2 

{ 4 >a — ^ 13 ) + </>7 — 


T 2 being the proper time of the annulus and of the Mobius-strip, and we use a barred 
index to define the angle (j)^ = —4>a of the image brane, whose wrapping numbers are 
{(la, ka) — {qa, —ka)- The S0(2) characters are defined by the usual relations [^ |58[| 


02(0 

^ 2(0 


gSiwC 

2rj 

g2i-7rC 


2rj 


[^?3(Ck) + ^?4(Ck)] , 
[^?3(Ck) -i?4(Ck)], 


^ 2(0 

C'2(C) 


g2i7rC 

2ri 

g2i7rC 


2rj 


[^? 2 (Ck) + *^?i(Ck)] , 
[^?2(Ck) -i^?i(Ck)], 


with the argument of the theta functions now depending on the relative angle, and r 
the Teichmiiller parameter of the double covering torus, i.e. r = fT2/2 for the annulus 
amplitude and r = (1 -t- fr2)/2 for the Mobius-strip amplitude. Finally, 



e^^^^^i(Clr) 

irj 
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encodes the contribution of the rotated world-sheet bosonic coordinates. Notice the multi¬ 
plicative factor 2qa,kct in the unoriented sector. It has a simple geometrical interpretation 
in terms of the number of times a brane and its image intersect on the T^. More generally, 
two branes with wrapping numbers ( qq ,, ka) and {qp, kp) intersect a number of times given 
by (see hg. 2) 

lap Qpkct Qakp , 

its sign determining the chirality of massless fermions living at the intersection points B-§- 



Figure 3. A brane (solid line) and its image (dashed line). The intersections denoted with a 
dot lie on the orientifold planes while those denoted with a diamond do not, and thus do not 
contribute to the Mobius amplitude. 


To conclude this brief review on intersecting branes, the Mobius-strip amplitude 

-i (iv„(U -4)171 + (h - 4)i7l) 

receives contributions only from those = 2ka intersections that live on the orientifold 
planes (see £g. 3). As a result, the massless spectrum will in general contain both sym¬ 
metric and antisymmetric representations of the unitary \J{Na) gauge group*. 


3.2. Wilson lines and brane displacements 


As in the more conventional case of space-hlling or point-like branes, one has the 
option of deforming the previous spectrum by introducing suitable Wilson lines m or 
by displacing the branes in the space transverse to their world volume [^. This simply 
amounts to the deformed zero-mode mass spectrum 


^z.m.(«:C) = ( ^+a) + -^{wL±+cf . 


* We postpone a detailed description of the massless spectrum to the next sections, when more 
physical lower-dimensional compactifications will be discussed. 
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It is then clear that for arbitrary values of a and c the open-string excitations are massive, 
while massless states emerge if 


^ r 

a = — , c = z^L_l , 

^11 


for (1 and i' integers. The latter condition simply reflects a symmetry under a rigid transla¬ 
tion of the brane by an integer multiple of the distance between two consecutive wrappings. 

The corresponding modihcations of the annulus partition function are then quite nat¬ 
ural. Considering for simplicity the case of an orthogonal displacement c = SL± of 
branes, that still have the same wrapping numbers, one has 


+N^M^Wr,-5{LA_) + N^M^Wr,+5{Ll_)\ 

{Nl +Ml + 2N^M^) (Cg - ^8)[7] 

2‘Clakoi 


+ i 


+ {Nl + Ml + 2N^M^) {Vs - ^ 8 ) [ 7 ] 


TJTl ’ 


with an obvious deformation of the Mobius-strip amplitude. It is then clear that for ar¬ 
bitrary d the original gauge group U(iVQ, -t- M^) is broken to U(iVQ,) x U(Mq,) while the 
(anti-)symmetric representations decompose into the sum of (anti-)symmetric represen¬ 
tations of each group factor plus additional bi-fundamentals. As expected, for 6 integer 
new massless vectors emerge from strings stretched between overlapping wrappings of the 
Net and branes and the gauge symmetry is consequently enhanced to the original 


3.3. Branes vs antibranes: an intriguing Tmzzle 

The formalism of intersecting branes here reviewed may hide some ambiguities. It 
is well known in fact that anti-branes (with positive tension and negative R-R charge) 
are nothing but regular branes (with positive tension and positive R-R charge) that have 
undergone a tt rotation, as shown in hg. 4. On a compact space, if a brane has wrapping 
numbers (g, k) and angle (j) its conjugate partner has opposite wrapping numbers (—g, —k) 
and an angle (p + n. Despite branes and anti-branes satisfy the same quantisation condition 
(3 .1|) and induce similar mass shifts in the spectrum of string excitations, their relative tt 
angle plays a crucial role in selecting the correct GSO projection. 
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Figure 4. A brane and its anti-brane differing by a tt rotation. 


Let us consider in fact the spectrum of open strings stretched between two branes 
with angles (pa and (pp. As already observed, it is encoded in the partition function 

(Vs - ^8)["o^] V6O2{0 + 06^2(0 - ^6^2(0 " 0^02(0 

with C, = {<pa where we have omitted irrelevant numerical factors. After rotating 

the a brane, say, by an angle tt and converting it to an anti-brane, the partition function 
obviously reads 

(V8-^8 )["o^] ^ VMC.) + OqV 2{C.) - s,S2{C^) - . 

with now Ctt = {Pa. — p (3 -\- t^)t/T i. From the very dehnition of theta functions 


«[;iW^) = Ed 


^{n+aY ^ 2 iTr{n+a){z+b) 


one can then deduce the periodicity properties 


^3(C7r|r)= + g - 2't?3(Ck), '&2{Cn\T)= + q - 2^?2(Ck), 


P _1 


^4{Cn\T)=-q - 2^?4(Ck), ^i{Cn\T) = -q - 2'di(C|r), 


that, in turn, induce a non-trivial reshuffling of the SO(2) characters 


O 2 (C,)=r 2(0 

r2(c,)=02(C)9“-+b 


s' 2 (c,) =c’ 2 (c) 9 “-+b 

C’ 2 (C,) =S 2 (C) . 
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As a result, the GSO projection in changes to 

(Vs - Ss)!”:'’] VeUK) + 0802(0 - SsC^(0 - C6S2(0 






that indeed pertains to open strings stretched between pairs of branes and anti-branes 

It is evident, that the formalism introduced in sub-sections 3.1 and 3.2 is well tailored 
to study any kind of brane if care is used in dealing with apparently innocuous tt angles. To 
avoid ambiguities, in this paper we adopt the convention to use the term brane when q is 
positive, and anti-brane when q is negative. This is clearly suggested by their contribution 
to the R-R tadpoles. Then according to the sign of their vertical wrapping number k, they 
can induce positive or negative charges for lower-degree gauge potentials, and consequently 
transmute into lower-dimensional branes (for /c > 0) or anti-branes (for k < 0). 


4. Freely acting orbifolds, Scherk-Schwarz deformations and intersecting 
branes 


We can now turn to the study of the effects freely acting shifts have on rotated and 
intersecting branes. For simplicity we shall focus to the case of a Z 12 shift, although similar 
considerations can be straightforwardly extended to the more general case. 

On a given one has in principle to distinguish among the three cases of shifts acting 
along the horizontal axis only, along the vertical axis only or along both the horizontal 
and vertical axis. It turns out that it is enough to consider one case, since the others can 
be unambiguously determined. To this end, let ns consider the shift 

(yi ^yi + hRi , 

6:1 

[y2^y2, 


where {yi,y 2 ) are the natural coordinates on a rectangular torus with sides of length Ri 
and R 2 - With respect to the natural reference frame adapted to the brane this Z 2 shift 
decomposes as 

(yi^yi + hRi cos(j), 

[y2^y2- |Risin^, 

with yi and i /2 labelling the directions longitudinal and transverse to the brane, respec¬ 
tively. This shift maps in general points on the branes to points in the bulk unless {fi G Z) 


y2 + /iR2 = tan^ (yi -f \Ri) 


I1R2 


/ci?2 


k e2Z, 
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that is to say that the shifted point still belongs to the line identihed by the brane, modnlo 
SL(2,Z) identihcations of the lattice. 



Figure 5. The two classes of branes in the presence of a freely acting horizontal shift 5. The 
dashed brane is the image under 5. 

It is then evident that we can identify two eqnivalence classes of branes, as indicated 
in hgure 5: those with odd k and those with even k. In the former case the shift is not 
a symmetry nnless we introdnce image branes with the same angle bnt separated by a 
distance —^Ri sin (f). In the latter case the shifted points still belong to the brane and thns 
the given conhgnration is already symmetric under the action of 5. Similarly, for shifts 
along the vertical axis (or along the diagonal of the torus) only for branes with q even (or 
with k and q both odd) the image points still belong to the brane world volume. This 
is somewhat reminiscent of what happens when we act with freely acting shifts along the 
world-volume of the brane and or along directions transverse to it. 

Given these observations, it is straightforward to write down the associated vacuum 
amplitudes. Since in this toy model we are modding out by our parent theory is the 
type IIA superstring compactihed on a 


(bs — 5'8)(V8 ~ C's) A2mi,ni (-Rl)Am,2,n2 (-^ 2 ) + A 




1 (i?i)yl.fri2,n2 (-R 2 ) 


where each A{R) denotes the Narain lattice for a circle of radius R and momenta and 
windings specihed. The associated direct-channel Klein-bottle amplitude reads 


jr= \{Vs-Ss)P2raARl)WuAR2)- 
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Figure 6. A (1,1) brane and its images under and b. The intersections marked with alike 
symbols are identified under b. 


Moving to the open-string sector, for /cq, odd, the direct-channel annnlns and Mobius- 
strip amplitndes now read 




Wn + VF.+ l 




2r - 


Til 


and 


-i 


iVa (Vs - ^8)[7] + iV, (^8 - ^8) [7] 


Kn 




Notice the important difference with the standard case: the annulus amplitude unam¬ 
biguously reflects the presence of image branes under the action of the horizontal shift 
both by the presence of dipole strings with shifted windings, and by the doubling of the 
number of families for unoriented strings due to the doubling of local intersections. As 
for the Mobius-strip amplitude, instead, it is not modihed since the effective number of 
intersections sitting on the 0-planes is not affected. This counting of effective intersections 
is clearly depicted in hgure 6 in the case of ( 1 , 1 ) branes, where points marked with the 
same symbol are identihed under S. 

Moving to the case of branes with even ka, one is not required any longer to introduce 
brane images, these branes being invariant under b, and the annulus and Mobius-strip 
amplitudes read 


(Vg - Sg)[l]Pg^W„ 

+i K (Vs - SsXTl + (rs - SsXTl] 


Irvrv 


2Ti 


aa 

GLGL 1 ’ 
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and 


- 


1 

2 


iVa(V8-4)[T]+iV„(V8 




In contrast to the previons case, the mnltiplicities in the annnlns and Mobins-strip ampli- 
tndes have now been halved, since 5 identihes pairs of intersection points, as depicted in 
hgnre 7. 



Figure 7. A (1,2) brane and its images under The intersections marked with alike symbols 
are identified under 8. 


We can now straightforwardly generalise the open-string amplitndes to the case of 
a more interesting T® = X X compactihcation with the shift acting along the 
horizontal axis y\ of the hrst . For simplicity we shall focus our attention to the case of 
factorisable D6 branes or, in the T-dual language, to commuting magnetic backgrounds, 
although more general choices turned out to be very promising in stabilising closed-string 
moduli |]6^ , |65[] . In this simple case, D6 branes on a x x are then identihed by 
their angles (f)^ {A = 1, 2, 3 labelling the three two-tori) and wrapping numbers , k^) 
related, as usual, by 


tand)(! = 


uA oA 


f.A IDA ’ 

Qa -'^1 

where Rf and denote the sizes of the horizontal and vertical sides of the A-th T^, 
respectively. We then split the generic index a into the pair a and i labelling respectively 
TT-o different stacks of Na branes (a = 1 ,..., Uq) with odd and rie different stacks of W 
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branes (i == 1,..., ng) with k] even. The annulus amplitude is then 

no 

(Vs - Ss)|"] Pi [wl + Wi+.] PlWlPlWl 

a=l 

Tie 

+ Y, NiNi (Vs - Ss)!"] PLKpXpX 

i=l 

+ i Y (N^AVs - 58)17) + f^a(Vs - 58)171) ^ 

a=l 

'^e T 

+ 5 E - ■ 5 *)l‘o] + - 58 ) 17 ) 

i=l 

no 

+ (^NaNtiVs-Ss)[l^]+NamiVs-Ss)[f]) ; 

a,6 = 1 
b<.a 

no 

+ (iV„iV,(y8-^8)[oi+^aiV,(y8-^8)[“ol) ) 

a,6 = 1 
b<.a 

Tie 

+ Y (A'.iV.d^- 58 ) 17 + *^^ 7 ^ 8 - 58 ) 17 ) r:; 


-Ss)(ii 

-o ~o _ 

, - . 

-Ss)!?] 

A 

^ Tiit] 

■S8)I7) 

lij 

2 U%] 


lij 

2 U%] 


+ EE (NaN, (Vs - 58)[ 0 ] + (^8 - q']) 

a=l i=l ^ I- 0 -I 


+ E E fy» - ^'8)i“o) + Jv.jVi (Vs - 58)171) . 

a=li=l 

To lighten the notation, we omit here and in following similar expressions the “effective 
radins” dependence of the varions momentnm and winding lattice contribntions. In partic- 
nlar, (W^) is a short-hand notation for Pm^(L^I|) (ITn(- 6 ^_i_)), where L^y (L^^) is the 
total length (the transverse distance among the consecntive wrappings) of the a-th stack 
of branes in the T-th torns. The Mobins-strip amplitnde instead is a simple combination 
of the previons ones and reads 


^ £ (iVa (I>8 - SsTo^ + - Ss)[%n) 

a—1 

rie 

- ^ E (^8 - SsWo]) T 


ru“fl 
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Here we have adapted our notation to the case of multiple T^’s. As already stated we 
append an index A to angles and wrapping numbers relative to the A-th torus, while now 

3 

= n ) 

A =1 


and 

A'c= n 2 *^ 

yl=l,2,3 

count the total number of intersections in the T®, and those sitting on the 06 planes. 
Moreover, the contribution of the world-sheet bosons is 



n 


ir]{T) 


with 

The contribution of the world-sheet fermions is more involved and requires an SO(8) — 
SO(2) X SO(2) X SO(2) x SO(2) breaking of the original characters. This is a consequence 
of the fact that, in the T-dual language of magnetised backgrounds, helds with different 
helicities couple differently to the magnetic helds. More explicitly 

[U2[(, )U2[C, )U2[(, )+U2[(, )V2[(. ) V2[(. ) 

+n(c‘) UK") 02 {c‘) + n(c') 02 (c") uk")] 

+02 [n(c‘) 02(c") 02(A) + r2(c‘) n(c") n(y) 

+ 02 (c') r 2 (c") 02(A) + 02 «') 02(A) UK")], 

o r ck/?i c fc c (q (\ c 

*^8 [ ..j,5 J - *^2 P2l<, J J J 

Q /'x2'i n /'xS'i I n (aA n (q /'xS',! 

+^2l<, J ‘52l<, J^2l<, J+'-^2l<, J^2l<, J ‘52l<, )\ 

j-r \r (A^\ Q (a‘^\ q (a^\ r* (a^\ r (a‘^\ r (a^\ 

-I-O2 [C^ 2 l <5 1 + 021 ,<5 J02l,<, j02(,<, ) 

, c (^i\ Q (^2\ ri /'xS'i I c (aA n (a‘^\q /'xS',! 

+02l<, J ‘J2l<, J02(,<, J+02(,<, J02(,<, J>X2l<, )\ ■ 


As usual, the massless spectrum can be extracted expanding and Aside from the 
full JV = 4 super-Yang-Mills multiplet in the adjoint representation of the Chan-Paton 
gauge group, one typically gets tachyonic excitations and (non-)chiral fermions in various 
representations. The spectrum of chiral fermions can be easily computed and is encoded in 
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table 1, where, as usual, and Sa denote respectively the anti-symmetric and symmetric 
representations of the a-th factor in the gauge group. As for non-chiral fermions, these 
emerge whenever branes are parallel in a given T^. Their multiplicity is then given by the 
number of times the corresponding branes intersect in the remaining tori. For instance, if 
the branes of type a and f3 are parallel in the hrst T^, then one hnds 

E=2,3 

non-chiral fermions in the representation (A^Q,,iV^). 


Rep. 

multiplicity 

Aa 

|(2/aa ± Ka) 


\{2IaaTKa) 

A, 


s^ 


iNa,N,) 

2 lab 

{Na,Nb) 

2 lab 


- I - 

2 ^3 


- I 

2 ^3 

{Na,N,) 

lai 

{Na,N^) 

lai 


Table 1. Spectrum of four-dimensional chiral fermions. The sign of determines the chiral¬ 
ity of the four-dimensional spinors, while the two signs in the multiplicity of (anti-)symmetric 
representations refer to branes {q > 0) or to anti-branes (g < 0), respectively. 


Turning to the transverse channel, the massless tadpoles can be extracted as usual 
from the leading terms in and ^ [^ |5^ . Introducing the combinations 

3 


R=n 


A=1 


'Rt 

tdA ’ 
JX2 


-A 


n 

A=1 




the NS-NS dilaton tadpole reads 

no rig 

2 La [Na + No) + Li (^Ni + Ni'j = 2® R. 


(4.2) 


(4.3) 


a=l 


i=l 
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Notice that, after a T-duality along the vertical axis, the left-hand-side is nothing bnt the 
Dirac-Born-Infeld Action 


La = n V^i^sdet [q^ (1 + F^)] , 

yl=l,2,3 

with a two-by-two antisymmetric matrix, whose only independent entry is the magnetic 
held backgronnd H^. The eight different R-R tadpoles can be straightforwardly obtained 
from ( [4.31) after a multiplication of the Chan-Paton multiplicities by a phase depending 
on the scalar product of the rotation angles (j)'^ and the helicities = ±| of the internal 
spinors. With our convention such that S 2 has helicity and C 2 has helicity — they 
read 

rio rie 

2 ^ + Li (W + W =2®R, (4.4) 


a=l 


i=l 


with the internal product 4>a' V = Syi=i 4'a This single R-R tadpole actually encodes 
couplings to different forms as dictated by the (T-dualised) Action 


S 


I C,+i ~ j 


C'lo A i Cs A F — ^ Cq a F a F 


\iCj,AFAFAF. 


Each factor, in turn, receives contributions from several terms according to which internal 
the magnetic held points to. For instance, the real part of the tadpole yields the 
conditions M 


2 ^ q] qf qf Ni 

a—1 i=l 

rio Tie 

+ q] kf kf Ni 

a—1 i=l 

rio rie 

'^‘^klQlklNa + Y^ k] q^i kf Ni 


a— 1 


i=l 


'^^klklqlNa + Y^ k] kf qf Ni 


R\ 

Rl 

Rl 

Rl 

Rl 

Rl 

'r\ 

Rl 

Rl 

Rl 

Rl 

Rl 

'rI 

Rl 

Rl 

R\ 

Rl 

Rl 

'rI 

Rl 

Rl 

R\ 

Rl 

Rl 


=16 


= 0 , 


= 0 , 


= 0 . 


I pi p2 p3 
./X^ -^1 -^1 

pi p2 p3 ’ 

Xto Xto Xto 


_a=l i=l 

After the vertical axis of the three T^’s are properly T dualised, one can then read the 
couplings with the ten-form potential Ciq and with the three six-form potentials (7^, whose 
six indices point to the four non-compact space-time directions and to the two compact 
coordinates of the A-th torus. The imaginary part of the tadpole ([1.4|) is proportional to 
Na — Na and thus vanishes identically. This is fully consistent with the fact that the 
and 6*4 forms are projected out by the orientifold involution and thus do not belong to the 
physical spectrum. 
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4.1. Breaking supersymmetry in the dipole-string sector 


After we have learned how shifts act on rotated branes, we can now proceed to the 
stndy of the combined effect of d and (— 1 )^. As is well known the (freely-acting) orbifold 
generated by d (—1)'^ is a convenient string description of Sherck-Schwarz deformations 
that in general are responsible for giving masses to fermions, and thus for breaking 
supersymmetry. Following the lines of section 3 we expect that the space-time fermion 
index has a non trivial effect only when the shift d moves points along the brane, that is 
only when ki is an even number. In this case the annulus amplitude reads 


i/ = NiNi (V8[iilJ’2m-S8(i;iP2m+l) W„ 

+ i (Nf (Vs - Ss)!?] + mvs - S8)i;‘l) 


lit 


(4.5) 


2 ril"l 

As is spelled out by this direct-channel amplitude, the adjoint fermions have now got a 
mass 

\(t)i _ a/1 -F _ 1 


mi /2 ~ L|| ^ = 


cos I 


qiRi 


qiRi 


2r2 ’ 


of the order of the TeV, and, consequently, supersymmetry is broken in the neutral dipole¬ 
string sector. In the transverse channel 


£/=2 


-6 


L ^-i 


NrN., 


(r8-S8)[Slw„ + (08-C8)(2]w„+. 


+ 2-=^ [iVf (Vs - S8)l.“] + Nf (Vs - Ss)!"]] 


2 ri[b 


0 ]’ 
It 1 


the twisted closed-string R-R states are massive, and the only massless tadpoles one is to 
worry about are those for the untwisted R-R helds in Sg. 

The generalisation to higher-dimensional tori is also straightforward. The only modi- 
hcation is in the dipole sector of the Ni branes that now would read 


52 M,Mi (Vs [J] PL - Ss 1 J] PL+i) WiP, 


>2 tF2p3 ^p3 
m* * n m* * n 


(4.6) 


i=l 


It reflects itself in the transverse-channel contribution 

TIq 

2-« 55 (-Li f NiN. [(Vs - Ss)ljl Wl + (Os - Csd^] WR 


Z =1 


pi pp2p2 pp3p3 
m''n m’’n m ’’ 


and thus, also in this case, the massless NS-NS and R-R tadpoles (|4.3|) and (|4.4|) are not 
affected. 
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4-2. Lifting non-adjoint non-chiral fermions 


As we have remarked in previous subsections, non-chiral fermions arise not only in 
the dipole-string sector, where open strings in the adjoint representation end on the same 
stuck of branes. In fact, it may well happen that although branes intersect at non-trivial 
angles in some tori, they are actually parallel in one T^. This is typically reflected by a 
vanishing intersection number = 0 for the given pair of a-type and /3-type branes, and 
in turn by an undetermined ^ expression in the annulus amplitude. For concreteness, let 
us suppose that the a and (4 branes are parallel in the U-th torus. By dehnition, this 
implies that their angles are the same (f)^ — and thus also the corresponding wrapping 
numbers coincide 

E — E 1 E — 1 E 

Qa = Qp : = ^(3 ■ 


The internal SO(2) characters corresponding to the hrst have then vanishing argument, 
and can be combined with the space-time SO(2) little group to reconstruct a full SO(4) 
symmetry, whose spinor representation is vector-like from the four-dimensional viewpoint. 
As a result, in the NaNf^ sector of the annulus amplitude 


[N^Np {Vs - 58)[“o^] + N^Np {Vs - Ss)[f, 




= (N^Np {Vs - 58)[f ] + N^Np {Vs - ^8)[T] 


ctf) 




A=1 




the contribution from the A-th torus is clearly ill dehned since both k^Qp — kpq^ and 
^?i(0|t) vanish. Actually, one has to be very careful in cases like this, since if on the one 
hand it is true that parallel branes do not have any longer the tower of Landau levels, it is 
evident on the other hand that open strings stretched between such branes have now non¬ 
trivial zero modes, and thus their contribution has to be taken into account. In practice, 
this amounts to the substitution 

- kfq^) iv 






It is then clear that, acting with the 5(—1)^ deformation on the A-th torus, non-chiral 
fermions can acquire a tree-level mass mi /2 ~ their vertical wrapping number 

is an even integer. In this case, the corresponding sector in the annulus amplitude would 
read 

^non chiral 

0 j 

where clearly the A-th torus does not contribute to chirai 
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4-3. Comments on Scherk-Schwarz and orbifold basis 


In the previous sub-section we have studied the effect of the combined action of the 
space-time fermion index and momentum shift along a compact coordinates and we have 
identified it with the Scherk-Schwarz mechanism ||^]. While correct in spirit, this definition 
does not correspond, however, to the common use of the term in Field Theory, since the 
canonical Scherk-Schwarz deformation for a circle would lead to periodic bosons and anti- 
periodic fermions, a choice manifestly compatible with any low-energy effective field theory, 
where fermions only enter via their bi-linears. On the other hand, from eq. (|2.1|) , rewritten 
more explicitly as 

^=(|V8|' + |^8|') (R) - {SsVs + VsSs) A 2m+l,n (fi) 

+ ^2m,n+y^) — (^8^8 — 2l2m+l,n+^ (^) ’ 

it is clear that bosons and fermions have even and odd momenta in the orbifold. It is 
however simple to relate the two settings the conventional Scherk-Schwarz basis 


of Field Theory can be recovered letting = p = so that 


(Ibsp + I'S'sP) Am,2nip) “ ('S'sVg -|- V’sS'g) A 


m-t-i ,2n 


(P) 


+ + IC'sl^) ^m,2n-ri(p) “ {OgCs - OgOg) A^_^_i 2n+l(p) , 

where bosons and fermions have indeed the correct quantum numbers. 

Similar considerations apply also to the orientifolds, and in particular to the D-brane 
sector. From eq. (|4.5D one deduces that bosons and fermions have even and odd momenta 
along the brane world-volume. Therefore, to recover the standard Field Theory Kaluza- 
Klein spectrum, the effective length of the brane has to be halved = Ay = |T||, 
similarly to the closed-string case. This has important consequences on the massless spec¬ 
trum of open strings, induced by the unchanged quantisation condition (|3.1j). As a result of 
the halving of the fundamental cell, the wrapping numbers of the various stacks of branes 
change accordingly. In particular 


{(Ja 5 ka) 

{Qi , ki) 


1 UJa 1 


{tOi , Ki) 


- (2Qa 5 ka) , 

(9i . \h), 


(4.7) 


and this identification makes it clear that the model in ([4.1j ) and in (^4.6| ) corresponds to 
a conventional Scherk-Schwarz (and M-theory) deformation of a configuration of branes 
with wrapping numbers {iVa , Ka) as in (fl.7|) . Therefore, non-chiral fermions from branes 
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with even horizontal wrapping number Ua stay massless, while those from branes with 
odd horizontal wrapping number Ui get a tree-level mass proportional to 1/2A||. Similar 
considerations can be straightforwardly generalised to the case of vertical or obliqne shifts. 
This redehnition of the wrapping nnmbers also takes care of the additional factors of two 
and one-half in the mnltiplicities of the chiral sectors, so that the annnlns 


N^NJVs - Ss)0 n 

a—1 A=1 

ruo 

+ ^]V,JV. ir.: n pS^, 

i=l S=2,3 

rrie+mo 

+ 5 E (^a(r8-S8)l71 + A'"(rs-Ss)r“]) 


a=l 

me+TTlo 


a,f3 = l 

0<(y. 

me+mo 


q:,/3 = 1 
I3<ol 


, laa 

0 U 

CtCt ] 

0 J 

00 

lap 

rilfl 

00 

^ap 

r,|fi 


and Mobins-strip 


me+mo 

OL = l 



amplitndes clearly dehne a freely acting deformation of the spectrnm of conventional branes 
with wrapping nnmbers (wq,, Ka)- In these eqnations for and .^the intersection nnmbers 
/q /3 and Ka are clearly expressed in terms of Ua and Ka, and me = Uo (mo = Ue) connts 
the nnmber of different stacks with Ua even {u)i odd). Moreover, additional non-chiral 
fermions arising from parallel branes in a particnlar T^, can also be given a mass throngh 
a similar deformation. For instance, in the case of a pair of i and j branes parallel in the 
hrst and with u} = odd one hnds the contribntion 


N,N,Vsri] + mjVsfi]) PL - (N,NjSsVi]+N,NM 


0 . 


P 


m+i 


Wf 


Tnon chiral 
Hj 




IQJ 


(4.8) 


where as in the previons snb-section both /jj°" chirai Ti[*q] do not inclnde terms from 
the hrst torns, and the argnment of the internal SO(2) characters associated to it is anto- 
matically vanishing since 4>l — 4>j — 0. 
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What happens if two pairs of branes are now parallel but in different T^’s? One 
clearly has to deform the theory along both tori simultaneously. For dehniteness, let us 
consider the case where i and j branes are parallel in the hrst and i and j branes are 
parallel in the second T^. Therefore, a deformation along the hrst torus of the type ([4.8| ) 
will give mass to the non-chiral fermions in the representation (W, iVj) proportional to 
1 /A|| J, while a similar deformation along the second torus will give a tree-level mass to the 
non-chiral fermions in the representation (W , Nj) proportional to 1/A|.. What about the 
gauginos in the adjoint representation? Here the situation is slightly more involved since 
we have now to split the set of branes in four categories depending on their horizontal 
wrapping numbers along the hrst and second . If we label with cti the branes with both 
and even, with a 2 the branes with even and odd, with 013 the branes with ui 
odd and 0 J 2 even, and hnally with those with both oji and U 2 odd the neutral dipole 
sector in the annulus amplitude reads 




dipole 


= (Vg - S8)|2] n 


n 


ai 


A=1 




0:2 


X'=l,3 




0:3 


E=^l,2 


+ klSl (p^pI + pY.p, 


as 




PLP±,,+ 1 Pi 


w^w‘^ P^ 

^ * n ^ * n * m 


and clearly the ai gauginos stay massless, the a 2 gauginos get a mass proportional to 
1 /A|^^, the 0^3 gauginos get a mass proportional to l/Ay^^, while the gauginos get a 
mass proportional to ^1/(A||^^)^ -|- 1/(A|^_^)^. The generalisation to the case of deforma¬ 
tions acting along the three T^’s is then straightforward. 


An alternative Field Theory description 

To support and clarify of our results we can study a simple Field Theory problem 
where the Scherk-Schwarz deformation acts as usual along yi but now the various helds 
depend on the coordinate y = To this end, we analyse the Kaluza- 

Klein spectrum of such helds subject to boundary conditions twisted by the operator 
(—1)^. They correspond to excitations of neutral (parallel) strings, the only sector that 
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admits zero modes and thus the only sector that can be affected by the deformation. As 
in the previous sub-section, the pair of integers (w, k) on the define the line on which 
the fields live. 

On a rectangular T^, the eigenfunctions of the two-dimensional Laplace and Dirac 
operators are simple plane waves 

(4.9) 

with the momenta determined by the periodicity conditions. As a result, a twist by (—1)^ 
along the horizontal axis yields 

/ 1 . . 1 , 1712 

Pi = [mi + 2 and p 2 = — , 

xi2 

with A-p = 0 for space-time bosons, Ap = 1 for space-time fermions, and mi and m 2 both 
integers. We can now determine the eigenfunctions of fields living on the straight line with 

tan (j) — . (4.10) 

ujRi 

These can be obtained by ( [f.9| ) by restricting the generic points (yi,y 2 ) to lie on the 
straight line ([4.10|). The corresponding Kaluza-Klein spectrum 



clearly shows that the twist (—1)'^ has a non-trivial effect on space-time fermions only if 
u is an odd integer. 

Similar analysis can be performed in the case of twists along the vertical and diagonal 
directions, the only other choices compatible with the orientifold projection f2^. In these 
cases, the would-be gauginos in the dipole-string sector are lifted in mass only if k is odd 
for vertical twist, or both u and k are odd for a diagonal twist. 


4 . 5 . A deformed Standard-Model-like configuration 

As a simple application of Scherk-Schwarz deformations to models of some phenomeno¬ 


logical relevance we can consider the intersecting-brane configuration of . The Standard 

Model spectrum is there reproduced by four stacks of branes with gauge group 


Gcp = U(3)a X U(2)f, X U(l)e X U(l)d. 
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The additional Abelian factor is reqnired in order to accommodate the right-handed lep¬ 
tons, that indeed emerge from open strings stretched between the U(l)c and the U(l)d 
branes. The fonr U(l)’s are related to fonr global symmetries of the Standard Model: Qa 
is three times the barion nnmber, is minns the lepton nnmber, is twice the third 
component of the right-handed weak isospin, and hnally Qb is a Peccei-Qninn symmetry. 
This lead the anthors of to identify the anomaly-free combination 


Qy = hQa — h Qc T 2 Qd 


with the familiar hyper-charge. In order to reprodnce the desired chiral spectrnm the 
intersection nnmbers of the fonr stacks shonld be 


lab 1 5 




It is not difhcnlt to show that snch intersection nnmbers can be obtained from branes with 
wrappings in table 2. 


iv« 


{ul , kI) 

{ujI , 4) 

3 

(ilr.O) 


f- 

Vp’ 2/ 

2 



(bid) 

1 

(a;),3pe/3^) 


(0,1) 

1 

0) 


(b id) 


Table 2. D6-brane wrapping numbers giving rise to a SM-like spectrnm, from |^]. 


With respect to ref. |Q, here we have followed our convention to use uja and K,a to 
denote the horizontal and vertical wrapping numbers, thus replacing the pairs (riQ,, mQ,). 
Otherwise, e = ±1, (3i — 1, | denotes (one minus) the real component of the complex 
structure that for orientifolds is discrete and takes the values zero or i. 


while p 


1,1 is a parameter. The remaining w’s are not fully independent since their 
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values enter in the assignment of the hyper-charge quantum numbers, and thus have to 
satisfy the constraint 

‘^c = (‘^a + 3 p U!d) 5 

with Lvl undetermined. 

The choice 


p = /3I = -e = 1 , ujI = 2, ujI =ujI = 1, uj = 0, 

amounts to taking all the to be odd (actually all equal to one), and thus a Scherk- 
Schwarz deformation along the horizontal side of the hrst is enough to make all the 
would-be gaugino massive. Similarly, the non-chiral fermions in the bd sector can be 
given a mass by deforming the third torus, where indeed the b and d branes are parallel. 
Moreover, non-chiral fermions in the a d and d d sectors are also massive since the branes 
are parallel in the hrst torus, while those in the bb and cc sectors, originating from branes 
parallel in the second T^, can get a mass if the Scherk-Schwarz deformation acts also along 
the second torus. As a result, all massless non-chiral fermions can be properly lifted. 

We should stress here that the wrapping numbers we have chosen, alike those suggested 


by the authors in [30|, do not satisfy the tadpole condition 


p /31 


/32 ^ /31 


In principle, this failure can be overcome introducing extra hidden D6 branes with no 
intersection with the Standard-Model ones . In this case, the above equation would be 
replaced by the more general one 




+ 




+ 




p /31 /32 /31 

4-6. Deforming a three generations Pati-Salam model 


+ NhujIloIujI = 16 . 


As a second example, let us examine the model presented in [29]. It is a four¬ 


dimensional, three generation, left-right symmetric standard model with gauge group 


Gcp = U(3)„ X U(2), X U(2), x U(l)d . 


It can be obtained engineering four stacks of D6 branes with intersection numbers as in 
table 3. To get the correct spectrum reported for completeness in table 4* only the second 

* See [^, for more details on anomalous U(l)’s, hyper-charge embedding, and some more 
phenomenological aspects. 
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is chosen to be tilted. This also guarantees that all R-R tadpole conditions are now 
satished H- 

In this example where all w’s are odd, regardless of the choice of (horizontal) Scherk- 
Schwarz coordinate, all adjoint fermions are lifted in mass. As for the remaining non-chiral 
fermions, they can be made massive deforming also the second torus. 




{ufi , ni) 

{wl , 4 ) 

3 

(1,0) 

(1,0) 

(3,1) 

2 

(1,1) 

(1,1) 

(1,0) 

2 

(1,1) 

(1,-2) 

(1,0) 

1 

(1,0) 

(1,-2) 

(3,1) 


Table 3. D6-brane wrapping numbers for a left-right symmetric model, from 


SU(3) X SU(2)l X SU(2)r x U(1)^ 

generations 

(3, 2, l)(i,1,0,0) 

2 

(3, 2, l)(i,-1,0,0) 

1 

(3*, 1, 2)(_i,0,1,0) 

2 

(3*,l,2)(_i,o,_i,o) 

1 

(1, 2, l)(o,- 1 , 0 , 1 ) 

3 

(1,1, 2)(o,-i,o,-i) 

3 


Table 4. Left-right symmetric chiral massless spectrum, from [^. 


4-7- Scherk-Schwarz deformations on a tilted torus 


It is not difficult to generalise our previous results to the case of a tilted torus. As 
shown in , compatibility with the projection imposes constraints on the real part 
of the complex structure, whose quantum deformation does not belong any more to the 
physical spectrum, but nevertheless can be given a non-trivial constant background value. 
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This is obviously related by T duality to the more familiar case of the NS-NS B held 
worked out in for the simple world-sheet parity Q. Describing magnetised or rotated 
branes in this tilted torus (see hg. 8) is quite straightforward, though some modihcations 
are needed Firstly, if we dehne (w, n) as the number of times a brane wraps the 

two canonical cycles of the T^, the quantisation condition on the angle reads 


tan^ = 


(k -|- ^U}^R2 
ojRi 


KR2 R2 
uRi 2 Ri 


(4.11) 


with the additional contribution deriving from the hxed real part of the complex structure. 
Moreover, the shear parameter enters both in the zero-mode sector, through a proper 
redehnition of the effective length of the brane 


L\\ — \J [uRif' + [(k -|- R 2 ] , 


and in the frequencies of the string excitations that are shifted by the angle (j) dehned in 
( [4.11| ). As usual, for any brane with angle cf) and wrapping numbers (wq,, Kq,) one has also 
to introduce image branes under the action of the orientifold operator QM. They still 
have opposite angle —(/>, but now the wrapping numbers are (wq,, — Kq, — Wq), as a result 
of the tilting of the torus. Actually, all these changes are more easily taken into account 
after we label branes with wrapping numbers in a Cartesian basis. In this respect, all the 
modihcations can be summarised by noting that the wrapping numbers (wa,,/^^) for the 
case of a rectangular torus have to be replaced by (wa, the case of a tilted 
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Figure 8. A (3,2) brane wrapping a tilted torus. 
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With these modihcations in mind, we can then straightforwardly generalise our pre¬ 
vious results for a Scherk-Schwarz deformation acting along the horizontal axis to the case 
of a tilted torus: once more, it is the parity of Wa to discriminate between a trivial or 
non-trivial action on the neutral non-chiral fermions. 


5. Six-dimensional orbifold models 

As a second application, we consider the non-supersymmetric type IIB string compact- 
ihed on the (T^ x T^)/Z 2 with the Scherk-Schwarz deformation acting along the horizontal 
axis of the hrst . 


5.1. Preludio: the closed-string sector 


In the Scherk-Schwarz basis, the torus partition f un ction reads |47 


^ 2 


(I VsP + |^8P) 


{CsOs + OsCs) + l + (1^4 - O4V4I2 + IC 4 C 4 - ^4^41") 


2ri 


+ 


16 


(IQs + Qcp + IQs + QcP) 


?7 




+ (IQs — QcP + IQs ~ QcP) 


Tj 


^2 

4' 




(5.1) 

where jg four-dimensional Narain lattice with momenta mi,... , m 4 and windings 
TT-i,... , 77 . 4 . Moreover, A^ 2 n^ indicates that the winding number ni is now an even integer, 
and similarly for the other terms. The Q’s are dehned as usual by 

Qo = ^4^4 - QQ , Q; = F 4 O 4 - ^4^4 , 

Qv = O 4 V 4 — S' 4 S '4 , Q(, = O 4 V 4 — < 74(74 , 

Qs = (74(74 - ^4(74 , Q's = < 74^4 - <74(74 , 

Qc - - (7414 , Qc = ^4(74 - ^ 41^4 , 

where we have introduced additional Q’s that will play a role in the following. The Klein 
bottle amplitude obtained by the projection reads 


3 77>4 
m 


- Ss) (PXPlW* + Wi„PXP^) + |(08 - Cs) Wl^.PXP, 
+ 4 (Qs + Qc + Q's + Qc) f 
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After an 5'-modular transformation to the transverse channel, and adapting to our six¬ 
dimensional example the dehnition in ( |4.2|) , the massless contributions to the NS-NS and 


R-R tadpoles 


~ 8 V4O4 



-j- 8 O 4 V 4 



8 (C'4C'4 + ^ 4 ^ 4 ) 


clearly suggest that the 07-planes stretched along the vertical axis of the two T^’s come 
in conjugate pairs and thus do not induce any R-R charge for the corresponding eight- 
form potential. The conhguration of 07-planes stretched along the horizontal axis has 
instead a non-trivial charge that has to be compensated by suitable brane conhgurations 
Since we are altering the nature of some orientifold planes, we cannot expect that the 
new open-string spectrum might be obtained from the undeformed one by giving masses 
to the fermions in the adjoint of the lJ{Ni) gauge group factors. In fact, this conhguration 
would not solve any longer the untwisted R-R tadpole conditions, and thus new vacuum 
conhgurations have to be found. 


O ^ 

1 ^ 

(a) (b) 



Figure 9. Fixed points for a Z 2 orbifold without (a) and with (6) Scherk-Schwarz deformation. 


Before we proceed with the construction of the open-string sector, let us pause for a 
moment and try to extract some useful information about the geometry of this Scherk- 
Schwarz-deformed T^/Z 2 . To this end it is convenient to stare at the twisted sector in 
(pT|). The appearance of new characters Q'^ ^ and the modihed multiplicity clearly spells 
out that the original sixteen hxed points of the geometrical Z 2 orbifold model are now split 
into two sets of eight, with diherent GSO projections in the corresponding twisted sector. 
Moreover, one can also read from the terms Qg — Qc and — Q'^ that the hxed points act 
diherently on the internal quantum numbers. Indeed, if we call and (fi = 1, ■ ■ •, 8 ) the 
hxed points in the two sets, the eight project the spectrum with respect the geometrical 


31 














^2 while the eight involve also the action of the Scherk-Schwarz deformation (—1)^, for 
an overall g (—1)^ projection, g being the Z 2 generator. This is clear both from the kind 
of bonndary conditions we are imposing and from the strncture of the modular-invariant 
partition function, where the projection in — Q'^ involves and additional (—1)^ with 
respect to that in Qg — Qc- We can actually say more about the geometrical distribution 
of these hxed points. In our factorised X T2 example, in fact, we have chosen 

to impose Scherk-Schwarz boundary conditions along the horizontal axis of the hrst torus. 
As a result, the structure of the hxed points in the second torus cannot be affected. In 
the hrst torus, instead, we have the conhguration depicted in hgure 9, since, as previously 
reminded, we are deforming the theory by changing the boundary conditions along the 
horizontal axis. Therefore, we can conclude that our is of the form ^ib) X ^(a): where 
and denote the undeformed and the deformed torus as in hgure 9. The two sets 
of hxed points are then 


f = {(0, 0, 0, 0), (0, 0, i, 0), (0, 0, 0, i), (0, 0, i, i), 
(0,i,0,0),(0,i,i,0),(0,i,0,i),(0,i,i,i)} , 
f-{(i,0,0,0),(|,0,i,0),(i,0,0,i),(i,0,i,i). 


(— i Q Q') { i i (1. i Q i') (1. 

\2’ 2’ 2’^/’V2’ 2’^’ 2/’V2’ 


111 
2 ’ 2 ’ 2 


)}■ 


(5.2) 


5.2. Intermezzo: the geometry of orthogonal branes 


We can now proceed to include the D-branes, and to better appreciate the construction 
of the open-string sector we hrst review the model presented in [^, with the obvious 
replacement of D9 and D5 with two sets of orthogonal D7 branes. To reproduce their 
geometry we distribute the branes as in hgure 10, that, after two T-dualities along the 
vertical axis of the two T^’s correspond indeed to space-hlling D9 branes together with 
a set of D5 branes sitting at the hxed point = (0, 0, 0, 0) and a set of D5 anti-branes 
sitting at the hxed point xi — (|, 0, 0, 0). 
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Figure 10. The geometry of D-branes. A wavy line represents D7 branes while zig-zag lines 
represents D7' and D7'. 


The direct-channel annulns in 471 is then 


I iV| (vg Pi - Sg , ) WlPlWt + (iv|, + Vf) (Q„ + Q„) WlPXlt 


+ 2NrN^(Og - Cg)W'^PlW^P,i + ii? (ViOg - Ogn) ( 


2r] 

^2 


+ 


rI{Qo-Qv) + rUQ'o-Qv) 


2r] 


-b 2 [A^7A^7/ (Qs -b Qc) + NjNfriQ's + Qc)] 


+ 2 [R,Rv{Qs - Qc) + RiR^^Q's - Q'c)] ( 




Any single term in this expression has a clear rational. The terms in the hrst line simply 
correspond to open strings living on a given D-brane, with the important difference that D7 
branes stretching along the horizontal yi axis now have a deformed non-supersymmetric 
spectrnm. The second line is also qnite standard: the first term encodes the spectrnm of 
a brane-anti-brane system with the two D7' and D7' branes separated along yi, while the 
second contribntion pertains to the orbifold projection on the horizontal D7 branes. Also 
the fonrth line is quite standard: it corresponds to open strings with mixed Neumann- 
Dirichlet boundary conditions along the four-compact directions. The second term has 
different GSO projections since the strings stretch between a brane and an anti-brane. 
More subtle are the third and fifth lines. They both enforce the orbifold projection on 
open-strings, but in a different way. In fact, while the first term in the third line clearly 
corresponds to the conventional geometrical Z 2 projection, the second term involves and 
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additional minus sign in the Ramond sector, and indeed corresponds to the action of the 
element This is consistent with, and in fact dictated by, the fact that D7' branes 

sit on top of conventional ^r-hxed points, while the D7' branes pass through points hxed 
under the action of Clearly, similar considerations also apply to the terms in the 

hfth line that describe the symmetrisation of 7 7' and 7 7' states that indeed live at the 
hxed points and xi. As usual, the different orbifold projections in the direct channel 
translate into exchanges of closed-string twisted states in the transverse channel, whose 
massless tadpoles clearly spell out the distribution of branes among the hxed points 


^tw 


)-5 


(-R7 — R'jf ) H" Rj -|- 3 -Ry/ 


Qs + 


{Rr-R^f + Rj + 3R^ Q', 


compatible with the geometry in hgure 10. 




Figure 11. The geometry of D-branes. A wavy line represents D7 branes while zig-zag lines 
represents D7^ and D7'. 


What about if we distribute branes diherently? Let us consider for instance the 
conhguration in hgure 11. Now all the branes pass through the conventional ^r-hxed points, 
and thus we do not expect in the amplitude terms like Q'^ — Q'^. Indeed, the new annulus 
amplitude 


i/=i| iV| (Vs Pi, - Ss ) WIpX + (iV|, + Aff) ( 0 „ + (J„) WlPiWlPl, 


+ 2NrNjr{Oa - Cs) W,lPl,WlPl, + (VOi - OiVt) 


+ 


Rf + RAj _ Q„) + 2R7>R^ (O4O4 - V4V4 - S4C4 + C4S4) 
-h 2 [N7N7/ {Qs + Qc) + N^Njt {Q'^ + Q'Q)\ 

+ 2 [RrRr {Qs - Qc) + ^7% (-04^4 + V4C4 - C4O4 + ^414)] 


2r] 


JL 

^3 
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only involves the geometrical Z 2 projector, and yields twisted tadpoles in the transverse 


channel 


J'tw 


2“^ 1Q; + {R^ - Rr + R^)^ + Rt + ^Rv - R^f 


S4O4 




(-R7 — Rt — “1“ R7 “I” ^{R?' R Rf^) 


that clearly display the distribntion in hgnre 11. 

Similarly, one conld opt for a different distribution of branes along the compact T^, 
that would consequently imply different projections according to the nature of the hxed 
points crossed by the branes. This would then reflect in twisted tadpoles compatible with 
the chosen geometry. 


5.3. Crescendo: rotating the branes 


We can now generalise the previous construction to the case of rotated branes, where 
some care is needed to identify the exact location of brane intersections. In the simple 


case where all branes cross the origin of the two tori, it was shown in [29| that any brane 


always passes through four hxed points of the T^/Z 2 . Moreover, we can easily identify 
the four points from the wrapping numbers since for a single branes fall into 

three different equivalence classes: even and Kq, odd, Wq, odd and Kq, even, Ua and Kq, 

both odd and co-prime. Focussing our attention to the hrst T^, the only one that actually 
matters to identify the correct projection, one has then the cases reported in hgnre 12. 
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Figure 12. Branes with various wrapping numbers on a (6) torus. 


The annulus amplitude associated to the closed-string sector in sub-section 5.1 is then 


E KK (Qo + e„)iS] p,XPX + i E (Qc 


a=l 


a=l 




0 1 7~>1 


0,P,‘n- SAl]PUiXPXn 


rl r>2 tjt2 


i=l 

nrio 


+ i5^iV,iV,(W4-04^4)[ 


i=l 


oJ -r rOi ’ 
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(-^a(Qo + + -^a(Qo + Q^)[*^0^]) 

OL — \ 
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a=l 

mo 
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■' 2 I 0 1 
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TTlo+me 


+ f-^a-^/3(Qo + Qi;) [*^0^] + -^q?-^/3(Qo + Qt;) 


/3]\ -^Q/3 


+ 5 E - <?.)!“J’] + NMiQc - <?„)( 


Ni-abd 

‘IT' 

1 ^^ab 

11 0 Jy 

' 'V' lCLb^ 

^2[ 0 J 


+ ^EE {Na^Qo - QvTo] + NaN^iQo - QvT^]) 
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rrio 


+ 5 E (f^i^AQo - e»)['^] + NiNj{Q„ - (?„)|J]) 


+ i E i^i^AQ'o -Q'v)[%] + N.NAQ'o - «)!?]) 


and, finally, 


rrio+me 


■*2^/3 + -^Z? — I (NctNp{Qo + Qy)[‘^^^]+Na:Nij{Qo + Qv)[^ 


dA 


i ^ (NMQo-Qv)[t]+NaMQo-Qv)[ 


ab-\\ ‘^^ab 
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a=li=l 
rrio 
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Here we have used the obvious notation for the where the internal SO(4) characters 

are decomposed in terms of SO(2) x SO(2) ones, and 


r 2 l"?l= n 

yl=l,2 


vir) 


accounts for the Z 2 orbifold generator acting on the world-sheet bosons. Finally, I^p 
denotes as usual the number of intersections of branes with wrapping numbers 
and {u>p j while 

^'ap = 1 + - LVp) n{K'^ - Kp) 

and 

I'ap = + 1 ) n{K]^ - 


count the number of intersections that actually coincide with the Xp and ^p hxed points in 
(p72|), with 


nM = 5 E 




/r G Z, 


e=0,l 


a Z 2 projector. 

Finally, the Mobius-strip amplitude 


mo+rrie 


-i E 


a=l 


{Qo + {Qo + Q.)[7] 


Xn 


ri[7] 


- iVa(W4-(W4- O^VaTo] 


Jn 


To 


(5.3) 


takes now into account also the (anti-)symmetrisation of states that live at intersections 
sitting on the vertical 07 planes, whose number is given by 


yl=l,2 

Notice that the second line in ^ does not involve fermions. This has a simple explanation 
in terms of the relative R-R charges of vertical 0-planes and branes whose intersections lie 
on them. We already commented that the absence in ^ of R-R tadpoles proportional to 
clearly spells out that the 07 planes passing through the points (0,0) and (iRi,0) 
and extending along the vertical direction are conjugates pairs. This implies that their 
R-R charges are equal and opposite. On the other hand the branes have positive R- 
R charge, and thus fermions localised at the intersections sitting on the 07 plane are 
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(say) symmetrised while those sitting on the 07 anti-planes (eqnal in number) are anti¬ 
symmetrised. As a result, their net contributions to ^ is zero, consistently with the 
expression (|5.3|) . 

After S and P modular transformations to the tree-level channel the low-lying un¬ 
twisted states in JP, and ^ yield the familiar conditions 


rrie-l-mo 

E 

a=l 


La (A^a + Net) ~ ^ ^ ^ 


for the NS-NS dilaton tadpole, and 


me+rrio 

E 


La =32R 


for the R-R tadpole with, as usual, 77 ^ the chirality of the internal spinors. In both 
expressions La and R are dehned as in ([4.2|) , with A = 1, 2 running now over the two T^’s. 

Much more interesting are the twisted tadpoles since, as repeatedly stated in the 
previous sub-sections, they clearly display the geometry of the brane conhguration. After 
an S modular transformation one then gets the massless tadpoles 


C4O4 : e r>i) = 0, -iz^eix}, 


(5.4) 


i=l 


and 


54 O 4 : A)=0, (5.5) 


a=^l 


i=l 


where Da denotes the straight line drawn by the a-th brane with wrapping numbers 
and 


P{w(, e Da) 


1 if G Da 
0 if ^ Da 


equals one or vanishes depending on whether the point W£ belongs to the line Da or does 
not. In the simple case where all branes pass through the origin, the P{wi G Da) are 
collected in tables 5 and 6. 
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Zp Pi^Zp G Di^ 


Xl IJ(Ki) P(U!- + 1 ) 

X2 p(k}) n{uj + 1) n{K^) n{u;^ + 1) 

X3 77(k-)77(u;- + 1)77(k- + l)77(a;f) 

X4 n{K\) n{ujl + 1 ) n{K^ + 1 ) n{iOi + 1 ) 

X3 ni^Ki + 1 ) n(^Lol + 1 ) 

xe ni^j + 1 ) n{u)l + 1 ) n{Kj) n{uji + 1 ) 

X7 n{Kj + 1 ) n{ijj} + 1 ) n(K^ + 1 ) uitof) 

x% n(^K,\ + 1 ) + 1 ) + 1 ) iJ[u}f + 1 ) 


Table 5. Condition for the a-th brane to pass through the fixed point Xp. 


Turning to the twisted NS-NS tadpoles, they can be easily deduced from (|^) and 
( ^TSl) and from their analogy with the untwisted R-R tadpoles. Denoting as usual by 
= ±1 the chirality of the internal SO(2) spinors, one hnds 

mo 

O 4 S 4 : P{zp e A) 

i=l 

ruo 

~ ^ A sm{2(f)i ■ rj) P{zp E Di), W Zp E {x} 
i=l 

and, similarly 

me mo 

O 4 C 4 : ^ Na sin(2A ■ rj) P{zq E Da) + sm{2(j)i ■ rj) P{zq G A), ^Zq E {A ■ 

a=l i=l 

As expected, in non-supersymmetric models these tadpoles cannot be imposed to vanish, 
and yield additional contributions to the low-energy effective action [^. 

Also in this case, additional non-chiral fermions originating from branes that are 
parallel in the second can be made massive if a Scherk-Schwarz deformation is acting 
also in this torus. In this case, however, one is consequently reshuffling the hxed points in 
the two sets ^ and x and thus some care is needed in determining the correct spectrum of 
the brane intersections. 
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^9 

P{zq G Di) 


1 

6 

n{Ka) + 1 ) 

6 

n{Ka + 1 ) n^LOa) 

^4 

n{K^ + 1 ) nito^ + 1 ) 

^5 

n{K\ + i)n{ul) 

^6 

n{Ka + 1 ) n{LJa) IT{Ka) Ft{iOa + 1 ) 

^7 

n{K\ + 1 ) n{u)a) + 1 ) n^uja) 

00 

kk/ 

n{Ka + 1 ) n{Lo]4) n{Ka + 1 ) n{uJa + 1 ) 


Table 6. Condition for the a-th brane to pass through the fixed point ^q. 


5.4- Finale: an interesting example 


To conclude with this deformed compactihcation let us present a simple solution 

to tadpole conditions. We consider three sets of coincident branes with wrapping 
numbers 


(wf.Kp = 


( 1 , 0 ) 

( 1 . 1 ) 


K2 ) = 


( 2 . 1 ) 

( 0 , 1 ) 


(U^.K^) = 


( 1 . 2 ) 

(l.-l) 


as depicted in hgure 13. These numbers, together with the choice = 10, N 2 
A ^3 = 6 clearly satisfy the R-R tadpole conditions. 


(5.6) 
12 and 




Figure 13. A simple example with three sets of branes. 

At the level of toroidal compactihcation (i.e. before we mod out by the orbifold action 
and before we deform the spectrum a la Scherk-Schwarz) the chiral spectrum comprises 
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left-handed fermions in the representation 2 (10,12,1) - 1 - 5 (1,12, 6 ) -|- 4 (1, 66 ,1) together 
with right-handed fermions in the representation 4 (10,1, 6 ) -|- 3 (1,12, 6 ) -|- 8 (1,1,15) -|- 
2 (1, 66 ,1) -|-2 (1, 78,1), and is clearly free of any irredncible gravitational and gange anom¬ 
aly. Before we project and deform the spectrum, let us comment about one subtlety that 
one meets in deriving this chiral spectrum. In particular, from table 7 one would naively 
deduce that the 2 2 sector is non-chiral since the corresponding intersection number is zero. 
However, since K 2 = 4 7 ^ 0, there is a non-vanishing A^ 2 -contribution in the Mobius strip 
amplitude that apparently is not matched by the annulus. This is evidently not the case 
and the correct interpretation is as follows: despite the N 2 branes and their images are 
parallel in the second they intersect non-trivially in the hrst torus. Moreover, the non- 
chirality of the annulus suggests that left-handed fermions live at four intersections, and 
similarly do the right-handed ones, while the “chirality” of the Mobius clearly states that 
only the left-handed fermions lie on top of the orientifold planes. As a result, one gets four 
copies of left-handed spinors in the antisymmetric representation of U(12) together with 
two copies of right-handed spinors in the symmetric plus antisymmetric representations. 


a(3 

I a (3 

t' 

^ol(3 

T" 

^af3 

12 

1 

1 

0 

13 

-4 

2 

2 

23 

-3 

1 

0 

12 

1 

1 

0 

13 

0 

2 

2 

23 

5 

1 

0 

ll 

0 

2 

0 

22 

0 

2 

0 

33 

-8 

2 

2 


Table 7. Intersection numbers for the three sets of branes. 

We can now turn on the Scherk-Schwarz deformation and simultaneously project the 
spectrum by the geometrical Z 2 . From ( |5.6|) one can deduce that fermions in the dipole 
sector of the Ni and N 3 branes will get a mass proportional to the compactihcation radius, 
while the neutral sector of the N 2 branes stays supersymmetric. Moreover, the branes 
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intersect at different fixed points, and in particnlar some intersections of the and 
branes coincide with hxed points in both sets {^q} and {xp}. Using the expiicit vaine of 
the intersection nnmbers in table 7, together with the general expressions in the previons 
sub-section one gets the following chiral massless spectrum: right-handed fermions in the 
adjoint representation of the U(12) gauge group and in the representations 2 (10,1,6) -1- 
2 (1,12, 6) -I- 4 (1,1,15) -I- (1, 66,1) -|- (1, 78,1), together with left-handed fermions in the 
representations (10,12,1) -|- 3 (1,12, 6) -|- 3 (1, 66,1) -|- (1, 78,1). As usual, the cancellation 
of R-R tadpoles guarantees that the spectrum is free of irreducible gravitational and gauge 
anomalies, while the Green-Schwarz mechanism takes care of the reducible anomaly [|68|, |69[ 


^8 = 1 (tr - 2tr F|) (tr Ff + tr F| - |tr R^) 
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